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ABSTRACT
We present accurate analytic fitting formulae for the frequency integrated Gaunt factors
for the relativistic as well as nonrelativistic thermal bremsstrahlung which is relevant to the
intracluster plasma. The fitting is carried out for 1 ≤ Zj ≤ 28, 6.0 ≤ logT ≤ 8.5, where Zj
is the charge number of the ion, and T is the electron temperature in kelvins. The present
analytic fitting formulae will be useful for the analysis of the X-ray emission which comes from
the intracluster plasma as well as the other X-ray sources.
Subject headings: galaxies: clusters: general — plasmas — radiation mechanisms thermal —
relativity
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1. INTRODUCTION
Nozawa, Itoh, & Kohyama (1998) have recently carried out accurate calculations on the relativistic
thermal bremsstrahlung Gaunt factor for the intracluster plasma. Their calculation is based on the method
of Itoh and his collaborators (Itoh, Nakagawa, & Kohyama 1985; Nakagawa, Kohyama, & Itoh 1987; Itoh,
Kojo, & Nakagawa 1990; Itoh et al. 1991,1997). In calculating the relativistic thermal bremsstrahlung
Gaunt factor for the high-temperature, low-density plasma, Nozawa, Itoh, & Kohyama (1998) have made
use of the Bethe-Heitler cross section (Bethe & Heitler 1934) corrected by the Elwert factor (Elwert 1939).
They have also calculated the Gaunt factor using the Coulomb-distorted wave functions for nonrelativistic
electrons following the method of Karzas & Latter (1961). They have presented the results of the numerical
calculations in the form of extensive numerical tables. The grid of their numerical table is made fine enough
so that smooth interpolations can be carried out for the applications of the results to the analyses of various
astrophysical observational data.
Other references on the calculation of thermal bremsstrahlung Gaunt factor include Culhane (1969),
Culhane & Acton (1970), Raymond & Smith (1977), Gronenschild & Mewe (1978), Mewe, Lemen, & van
den Oord (1986), and Carson (1988).
Itoh et al. (2000) presented accurate analytic fitting formulae which summarize the results of the
extensive numerical tables presented by Nozawa, Itoh, & Kohyama (1998). Analytic fitting formulae can
be readily implemented in the computer programs for the analyses of the observational data. Therefore,
we recommend these analytic fitting formulae be used widely by the observers for the analyses of their
observational data.
In this paper we will present accurate analytic fitting formulae for the frequency integrated emissivity
due to the relativistic as well as nonrelativistic thermal bremsstrahlung which is relevant to the intracluster
plasma. The fitting is carried out for 1 ≤ Zj ≤ 28, 6.0 ≤ logT ≤ 8.5, where Zj is the charge number of the
ion, and T is the electron temperature in kelvins. The present analytic fitting formula will be useful for the
analysis of the X-ray emission which comes from the intracluster plasma as well as the other X-ray sources.
The present paper is organized as follows. We will give the analytic fitting formulae for the frequency
integrated Gaunt factor for the relativistic thermal bremsstrahlung in §2. We will give the analytic formula
for the frequency integrated Gaunt factor for the nonrelativistic thermal bremsstrahlung in §3. Concluding
remarks will be given in §4.
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2. FREQUENCY INTEGRATED GAUNT FACTOR FOR RELATIVISTIC THERMAL
BREMSSTRAHLUNG
The thermal bremsstrahlung emissivity is expressed in terms of the thermally averaged relativistic
Gaunt factor gZj (Nozawa, Itoh, & Kohyama 1998) by
< W (u) > du = 1.426× 10−27gZj (T, u)nenjZ
2
j T
1/2
× e−u du ergs s−1 cm−3 , (1)
u ≡
h¯ω
kBT
, (2)
where ω is the angular frequency of the emitted photon, T is the temperature of the electrons (in kelvins),
ne is the number density of the electrons (in cm
−3), and nj is the number density of the ions with the
charge Zj (in cm
−3). In Nozawa, Itoh, & Kohyama (1998), the nonrelativistic Gaunt factor gNR has been
also calculated. This Gaunt factor is exact in the low-temperature limit. At intermediate temperatures,
it has been confirmed by Nozawa, Itoh, & Kohyama (1998) that the relativistic Gaunt factor which has
been calculated with the use of the Bethe-Heitler cross section corrected by the Elwert factor shows
excellent agreement with the nonrelativistic exact Gaunt factor. At higher temperatures, the nonrelativistic
Gaunt factor deviates from the relativistic Gaunt factor because of the insufficiency of the nonrelativistic
approximation. These two Gaunt factors have been tabulated in Nozawa, Itoh, & Kohyama (1998).
At sufficiently high temperatures, we adopt the relativistic Gaunt factor. At sufficiently low
temperatures, we adopt the nonrelativistic exact Gaunt factor. At intermediate temperatures, these two
Gaunt factors coincide with each other for small values of Zj . For larger values of Zj , the two Gaunt
factors show small discrepancies even at intermediate temperatures. Therefore, we generally interpolate
between the two Gaunt factors smoothly at intermediate temperatures. To be more precise, we find the
point at which the discrepancy between the two Gaunt factors (for fixed values of Zj and u) is the smallest
as a function of the temperature. Then we interpolate between the two Gaunt factors smoothly using a
sine function. The temperature range for the interpolation is ∆ logT = ± 0.1 to ± 0.5 with respect to
the central temperature at which the discrepancy is the smallest depending on the minimum value of the
discrepancy. The analytic fitting formulae of gZj(T, u) for Zj = 1− 28, 6.0 ≤ logT ≤ 8.5, −4.0 ≤ log u ≤ 1.0
have been presented in Itoh et al. (2000).
Now we will integrate the emissivity over the whole frequency range. Thus we obtain
W ≡
∫
∞
0
< W (u) > du
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= 1.426× 10−27gZj (T )ne nj Z
2
j T
1/2 ergs s−1 cm−3 , (3)
gZj (T ) ≡
∫
∞
0
e−u gZj (T, u)du . (4)
In Figure 1 we show the frequency integrated Gaunt factor gZj (T ) as a function of temperature for various
values of Zj .
We give an analytic fitting formula for gZj (T ). The range of the fitting is 1 ≤ Zj ≤ 28, 6.0 ≤ logT ≤ 8.5.
We express the frequency integrated Gaunt factor by
gZj (T ) =
10∑
i,k=0
ai kz
i tk , (5)
z ≡
1
13.5
(Zj − 14.5 ) , (6)
t ≡
1
1.25
( logT − 7.25 ) . (7)
The coefficients ai k are presented in Table 1. The accuracy of the fitting is generally better than 0.1%.
3. FREQUENCY INTEGRATED GAUNT FACTOR FOR NONRELATIVISTIC
THERMAL BREMSSTRAHLUNG
The thermal bremsstrahlung emissivity in the nonrelativistic limit is expressed in terms of the
nonrelativistic exact Gaunt factor gNR (Nozawa, Itoh, & Kohyama 1998) by
< W (u) >NR du = 1.426× 10
−27gNR(γ
2, u)nenjZ
2
j T
1/2
× e−u du ergs s−1 cm−3 , (8)
u ≡
h¯ω
kBT
, (9)
γ2 ≡
Zj
2Ry
kBT
= Zj
2 1.579× 10
5K
T
, (10)
where ω is the angular frequency of the emitted photon, T is the temperature of the electrons (in kelvins),
ne is the number density of the electrons (in cm
−3), and nj is the number density of the ions with the
charge Zj (in cm
−3). It should be noted that the thermal bremsstrahlung emissivity in the nonrelativistic
limit is a function of γ2 and u only. It does not depend on Zj and T separately, but on the ratio Zj
2/T .
This is a remarkable fact for nonrelativistic electrons.
The analytic fitting formula for the nonrelativistic exact Gaunt factor gNR(γ
2, u) for the ranges
−3.0 ≤ log γ2 ≤ 2.0, −4.0 ≤ log u ≤ 1.0 has been presented in Itoh et al. (2000).
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Now we will integrate the nonrelativistic emissivity over the whole frequency range. Thus we obtain
WNR ≡
∫
∞
0
< W (u) >NR du
= 1.426× 10−27gNR(γ
2)ne nj Z
2
j T
1/2 ergs s−1 cm−3 , (11)
gNR(γ
2) ≡
∫
∞
0
e−u gNR(γ
2, u) du . (12)
In Figure 2 we show the frequency integrated nonrelativistic Gaunt factor gNR(γ
2) as a function of γ2. A
similar graph has been shown in Karzas & Latter (1961).
We give an analytic fitting formula for gNR(γ
2). The range of the fitting is −3.0 ≤ log γ2 ≤ 2.0. We
express the frequency integrated nonrelativistic Gaunt factor by
gNR(γ
2) =
10∑
i=0
biΓ
i , (13)
Γ ≡
1
2.5
(
log γ2 + 0.5
)
. (14)
The coefficients bi are presented in Table 2. The accuracy of the fitting is generally better than 0.1%.
4. CONCLUDING REMARKS
We have presented accurate analytic fitting formulae for the frequency integrated Gaunt factors for
relativistic as well as nonrelativistic thermal bremsstrahlung. The analytic fitting formulae have been
constructed from the numerical results of the calculation reported in Nozawa, Itoh, & Kohyama (1998).
The accuracy of the fitting is generally better than 0.1%. The present fitting formulae can be used widely
for the analysis of thermal bremsstrahlung radiation.
We thank Professor Y. Oyanagi for allowing us to use the least square fitting program SALS. This work
is financially supported in part by the Grant-in-Aid of Japanese Ministry of Education, Science, Sports,
and Culture under the contract #10640289.
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Figure Legends
• Fig. 1. Frequency integrated Gaunt factor gZj (T ) for relativistic thermal bremsstrahlung as a
function of temperature for various values of Zj .
• Fig. 2. Frequency integrated Gaunt factor gNR(γ
2) for nonrelativistic thermal bremsstrahlung as a
function of γ2.
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Table 1 Coefficients aik
k = 0 k = 1 k = 2 k = 3 k = 4 k = 5
i
0 1.40092E+0 1.54638E−1 −1.23959E−1 −1.16975E−1 2.14395E−2 2.34238E−2
1 −1.00893E−1 1.58466E−1 2.46348E−1 −2.86550E−2 −2.24939E−1 2.62997E−2
2 −2.40128E−3 −2.25452E−1 −1.00552E−1 2.16833E−1 3.13853E−2 1.08847E−1
3 6.27343E−2 1.90501E−1 −2.32050E−1 −2.37181E−1 3.66311E−1 8.57778E−2
4 −9.06484E−2 −9.96615E−2 4.23102E−1 2.43977E−1 −3.11848E−1 −7.75490E−1
5 9.79512E−3 −4.34963E−2 2.84554E−1 −2.53216E−1 −5.57177E−1 −7.76022E−1
6 4.41703E−2 7.85887E−2 −5.65980E−1 −8.74859E−2 8.92841E−1 1.89781E+0
7 1.23203E−1 3.35024E−2 −1.09511E+0 7.33247E−1 1.05388E+0 1.63143E+0
8 −1.58523E−1 3.03478E−2 1.19685E+0 −5.57371E−1 −1.54700E+0 −2.48868E+0
9 −4.10980E−2 −1.73758E−1 7.58040E−1 −2.36066E−1 −6.52591E−1 −9.86901E−1
10 6.81836E−2 9.49741E−2 −7.80917E−1 2.65356E−1 8.72583E−1 1.25501E+0
Table 1 (Continued) Coefficients aik
k = 6 k = 7 k = 8 k = 9 k = 10
i
0 −5.89208E−2 3.92687E−2 1.06170E−1 −1.47162E−2 −4.37176E−2
1 1.93223E−1 −1.74988E−1 −2.47926E−1 1.20553E−1 1.36623E−1
2 5.05110E−1 −2.81975E−1 −7.95224E−1 1.14518E−1 3.42773E−1
3 −1.02700E+0 2.46117E−1 1.39771E+0 −1.87375E−1 −6.23280E−1
4 7.70985E−3 7.80591E−1 2.70056E−1 −3.03752E−1 −2.05378E−1
5 2.01951E+0 1.60661E+0 −2.26472E+0 −7.94442E−1 7.62416E−1
6 −2.76644E+0 −2.75074E+0 2.75232E+0 1.34593E+0 −6.86149E−1
7 −1.38406E+0 −3.84191E+0 6.90910E−1 1.94313E+0 1.00617E−1
8 3.74683E+0 4.67373E+0 −3.33774E+0 −2.39266E+0 6.80864E−1
9 2.07710E−1 2.16066E+0 4.09320E−1 −1.07379E+0 −3.66206E−1
10 −1.40357E+0 −2.48054E+0 9.72879E−1 1.26406E+0 −7.12021E−2
– 2 –
Table 2 Coefficients bi
i bi
0 1.42752E+0
1 1.70677E−1
2 −8.13616E−1
3 −4.88059E−1
4 1.33141E+0
5 7.27788E−1
6 −1.50917E+0
7 −5.99317E−1
8 9.86146E−1
9 1.99586E−1
10 −2.72392E−1
